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1. INTRODUCTION 
This paper  is concerned with the asymptot ic  behaviour of nonosci l latory solutions as t --* co of 
th i rd-order  nonl inear functional differential equat ion of the form 
y"  + p(t)y' + q(t)F(y(g(t)))  = 0, (1) 
where p,q E C([a, co),R),  a >_ O, g E C'([a, co),R) such that  g(t) <_ t, g(t) > O, g(t) -~ co as 
t --~ co. F E C(R,  R) such that  F(u) /u  _> f~ > 0, for u ~ 0. 
We assume that  under the init ial  condit ions y(t) = ~b(t), t < to and y(~)(to) = y0, i = 1,2, 
where to E [a, co), equat ion (1) admits  solutions which can be continued to [to, co). A function 
y E C([a, co), R) is said to be nonosci l latory if it is eventual ly a fixed sign. Otherwise, it is called 
oscil latory. 
A good deal of work has been done and many interesting results have been obta ined concerning 
the asymptot ic  behaviour of solutions of (1) in the part icular  case 
y'" + p(t)y' + q(t)y = O. 
For some results for this equation, we refer in part icular  to Lazer [1]. Later  his results were 
improved by several authors  (see, e.g., [2-4]). Some of these results are also general ized to delay 
differential equations [5-7]. 
The authors would like to thank the referee for his valuable remarks. 
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However, not much is known about the asymptotic behaviour of nonoscillatory solutions of 
equation (1). For a few results, see [8-13] and the references cited therein. 
The motivation for our work comes chiefly from the articles of Parhi [6,7] and Dzurina [5]. In 
the special case F(y(g(t))) =- y(g(t)), Dzurina obtained sufficient conditions under which every 
nonoscillatory solution y of (1) has the property that limt-,oo y(t) = A E R. Unfortunately, he did 
not have any results about the possibility that limt--,oo y(t) = 0. Parhi [6,7] investigated a more 
general equation and established conditions which ensure that every nonoscillatory solution y 
satisfies either limt__,~ y(t) = 0, l imt- ,~ y(t) = A ~ 0, or limt--,oo [y(t)] = c~. 
In this work, we find conditions for which every nonoscillatory solution of (1) tends to either 
zero or q:oo as t --* oo. Our results are better than those of Parhi [6,7] in certain special cases. 
2. MAIN  RESULTS 
This section deals with the asymptotic behaviour of (1) in the case p(t) <_ O, q(t) > 0, and 
p(t) >_ O, q(t) > O. 
Case 1. p(t) <_ 0 and q(t) > 0 
THEOREM 2.1. If 
//[ ] ~3t2q(t) + tp(t) - ~ dt = oo, (2) 
then every nonoscillatory solution of (1) tends to either zero or 7=oo as t --~ oo. 
PROOF. Let y be a nonoscillatory solution of (1) on [t0,c~), to _> a. Suppose that y(t) is 
ultimately positive. The case when y(t) is ultimately negative may be treated similarly. So there 
exist a tl _> to such that y(t) and y(g(t)) > 0 for t >_ tx. Since y' is a solution of 
z" + p(t)z = -q(t )F  (y(g(t) ) , (3) 
we have that y'(t) > 0 or < 0 for t > t2 _> tl. Because all solutions of (3) are nonoscillatory for 
t > t2. Indeed, let x be a solution of x" + p(t)x = O. So x(t) is nonoscillatory. Let x(t) > 0, for 
t _> t2. Let z be oscillatory solution of (3) with consecutive zeros at t 3 and t4 (t2 < t3 < t4) such 
that z'(t3) < 0 and z'(t4) >_ O. Now integrating 
(z'(t)x(t) - x'(t)z(t) ' = -q(t )F  (y(g(t) ) x(t) 
from t3 to t4, we get a contradiction. 
Suppose that y'(t) > 0 for t > t2. We claim that limt-~oo y(t) = 00. If not, l imt-oo y(t) = K, 
where 0 < K < 00. From the continuity of F, we have 
lim F (y(g(t))) F(K)  = ~ > ~. (4) t--,oo y(t) K 
Hence, there exists a T > t2 such that, for t > T,F(y(g(t)))/y(t) > /3. We define u(t) = 
t2y'(t)/y(t) for t :> T. Clearly, it is a solution of 
[ ] ' [  u t2q(t) F(y(g(t)))] ~' + s--t-~u2 - 4 t - 'u  = - t -% 3 - 3 t -3u  ~ + (2t -~ +p(t ) )  + 
2 y(t) J 
< - [ t -% ~ - 3 t -~ ~ + (2 t - '  + p( t ) )  ~ + Zt2q(t ) ]  
[ 2 (1-t2p(t))  3/2] < - j3t2q(t) + tp(t) - ~ 
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Because 
2 (1 - t2p( t ) )  3/2 ~t2q(t) + tp(t) - 3v/-~--- ~ 
is the minimum of 
t -4u 3 - 3t-3u 2 + (2t -2 + p(t)) u + ~t2q(t) 
for u(t) > 0 at u(t) = t(1 + 3-1/2(1 - t2p(t))l/2). 
Integrating the above inequality from T to t, we get 
} u'(t) + t-2u2(t) - 4t - lu( t )  < Ko - /~t2q(t) + tp(t) - ~ dt, 
where K0 is a constant. Since (3/2)t-2u2(t) - (4/t)u(t) >_ - (8/3) ,  integration of the above 
inequality from T to t > T yields 
J;:/ u(t) < K1 + K2t - /~T2q(T) + 7p(t) -- ~ (1 -- T2p(r))3/2 dr ds, (5) - 3V/~T 
where K1 = u(T) + (8/3)T - KoT, K2 = Ko + (8/3). So it follows from (2) and (5) that u(t) < 0 
for sufficiently large t, a contradiction. Hence, limt--.c~ y(t) = co. 
Next suppose y'(t) < 0 for t _> t2. So l imt-.~ y(t) exists. If possible, let limt--.~ y(t) = ~, 
where 0 < A < co. Clearly, A2(t) - B2(t) _< 0 for t _> a, where 
A(t) = tp(t) and B(t) = 2 (1 - t2p( t ) )  3/2 
3v~t 
So A(t) - B(t )  < O for t > a. Consequently, from (2), it follows that 
= co .  ~t2q(t) dt 
Multiplying equation (1) by t 2 and integration from t2 to t > t2 yields 
t~y"(t) < K - ~ s2q(s) ds. 
This in turn implies that y"(t) < 0 for large t. Consequently, (t) < 0 for large t, a contradiction. 
Hence, l imt-.~ y(t) = 0. This completes the proof of the theorem. 
EXAMPLE 2.1. The equation 
y,, t + 2 yl 
- t +2y( t - ln t )=O,  t_>2 
illustrates Theorem 2.1. Clearly, y(t) = e t is a nonoscillatory solution of the equation which 
tends to infinity as t --~ co. 
EXAMPLE 2.2. The equation 
y,,, 1 ,  5(tt~ -~y  + -1)y(t-1)=0, t_>0, 
admits a nonoscillatory solution y(t) = 1/t which tends to zero as t -~ co. 
From Theorem 2.1, we have the following result for the equation: 
y"' +p(t)y '  + q(t)y~(g(t)) = 0, (6) 
where .7 > 1 is a quotient of odd integers. 
330 A. TIRYAKI AND ~. YAMAN 
COROLLARY 2.1.  I f  
#t2q(t) + tp(t) - ~ dt = oc, for all I~ > O, (7) 
then every nonoscillatory solution of (6) tends to either zero or =t=oo as t ~ oc. 
REMARK 2.1. If conditions of Theorem 2.1 are satisfied, then every nonoscil latory solution of 
y'" + p(t)y' + q(t)F(y(t))  = 0 (8) 
tends to zero as t --~ c~. This difference in behaviour between (1) and (8) is due to the deviation 
in the arguments in (1). A similar case is valid for (6) when g(t) - t. 
EXAMPLE 2.3. Consider 
y'" + + y = 0, (*) 
where c~ is real constant such that  1 < c~ < 3. Clearly, all the assumptions of Theorem 2.1 are 
satisfied. So we can conclude that every nonoscillatory solution of (*) tends to zero as t --* cx~. 
REMARK 2.2. For equation (*), the conditions of theorems [6,7] are not satisfied. This means 
that  our result for (*) is better than theirs. 
Case  2. p(t) > 0 and q(t) > 0 
In this case, the following lemma is needed. 
LEMMA 2.1. Suppose that p E C'([a,c~),R) and 2/~q(t) - p'(t) >_ 0 for t E [a,c~) and not 
identically zero on any ray of the form It*, c~) for some t* > a > O. Let y be a nonoscillatory 
solution of (1) which is eventually nonnegative with 
c (y (to)) = 2y(t)y"(t) - y'~(t) + p(t)y2(t)l~=~o < o, to • [a, ~) .  (9) 
Then there exists a number d > to such that y(t) > 0, y'(t) > 0, y"(t) > 0, and y"'(t) <_ 0 or 
y(t) < O, y'(t) < O, y"(t) < O, and y'"(t) > 0 for t > d. 
PROOf. Let y be a nonoscillatory solution of (1) satisfying the condition G(y(to)) <__ 0 for some 
to ~ 0. Suppose without toss of generality that y(t) > 0 for every t > T > to. So there exists a 
T1 _> T such that  y(t) > 0 and y(g(t)) > 0 for t > T1. Then a calculation shows that 
[G(y(t))]' = p'(t)y2(t) - 2q(t)y(t)F (~(9(t))) _< 0, t > T1. 
So there exists a point t~ > T1 such that G(y(t)) < 0 for every t > t~ and l imt -* ~G(y( t ) )  = 
Go < 0 exists (finite or infinite). From (9), we obtain 
2d (y ' ( t )~ < y_2(t ) (2y"(t)y(t) - y'2(t)) < -p( t )  < 0, t > t;. 
dt  \ y ( t )  ] - - - 
Hence, the function y' /y  is decreasing on [t;, oo). This means that  y(t) > O, y'(t) ~ 0 for t > t;. 
The rest of the proof is the same in [14, Lemmas 1 and 2], and hence, is omitted. 
THEOREM 2.2. Let the hypotheses of Lemma 2.1 hold, and t2p(t) < 1/4, for all t > O. I f  
i ° z  { 2 ( l - t2p( t ) )3 /2}  (10) •t2q(t) + tp(t) - ~ dt = cx~, 
then every nonoscillatory solution of (1) tends to ~=cx~ as t --~ cxD. 
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PROOF. Let y be a nonosci l latory solution of (1) on [to, oc), to _> a. We assume that  there exists 
a t l  _> to such that  y(t) > 0 and y(g(t)) > 0 for t _> t l .  The case when y(t) is u l t imate ly  negative 
may be t reated in a similar way. Then by Lemma 2.1, y(t)yt(t) > 0 for t _> t l .  We proceed 
as in Theorem 2.1 to conclude that  y~(t) > 0 for t _> t2 _> Q. Let y~(t) > 0 for t _> t2. If 
possible, suppose that  l imt_ .~ y(t) = K, where 0 < K < oo. Proceeding as in Theorem 2.1, for 
all u(t) > 1 - 2((1 - t2p(t))/3) 1/2 and t _> t2, we obta in  
( 3 ) '  1 (  2 ( l _ t :p ( t ) )3 /2 )  (tu') '+ u 2 -4u  <_-~ t3q( t )+t2p( t ) - -~  
where u(t) = tyt(t)/y(t). Integrat ing the above inequal ity from T _> t2 to t and using the 
argument  employed in Theorem 2.1, we obta in  u(t) < 0 for large t, a contradict ion.  Thus, 
limt--.oo y(t) = Oo. Hence, the proof of the theorem is completed. 
COROLLARY 2.2. Let the hypotheses of Lemma 2.1 hold and t2p(t) <_ 1/4, for all t > O. Suppose 
that (7) holds. Then any nonoscil]atory solution y of (6) is unbounded. 
LEMMA 2.2. Suppose that  z" +p(t)z = 0 is nonoscillatory. If y is a nonoscillatory solution of (1), 
then there exists a to E [a, Oo) such that y(t)y'(t) < 0 or y(t)y'(t) > 0 for t > to. 
The proof  follows from a result due to Heidel [15] and by Nehari 's  Lemma [16]. 
THEOREM 2.3. Let the hypotheses of Lemma 2.2 hold and t2p(t) <_ 1/4 for all t > O. If (10) is 
satisfied, then every nonoscillatory solution of (1) tends to either zero or ~=oo as t --~ oo. 
The proof  of this theorem proceeds in the lines of that  Theorems 2.2 and 2.1, and hence, is 
omit ted.  
EXAMPLE 2.4. The equation 
1 (1 
y"+-~-~y + +~-~ y( t - ln t )=O,  t>2 
i l lustrates Theorem 2.3. Clearly, y(t) = e -t is a nonosci l latory solution of the equat ion which 
tends to zero as t --* Oo. 
From Theorem 2.3, we have the following result for the equation (6). 
COROLLARY 2.3. Let the hypotheses of Lemma 2.2 hold and t2p(t) <_ 1/4 for all t > O. If (7) 
holds, then every nonoscillatory solution of (6) tends to either zero or Too as t -* oo. 
REMARK 2.3. If condit ions of Theorem 2.3 are satisfied, then every nonosci l latory solut ion of (8) 
tends to zero as t --* co. A similar case is valid for (6) when g(t) =- t. 
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